Ocopnuikn Emomun Yikov
lo drarymvioua, 6/10/2015.

Find the eigenvalues and the eigenvectors of the matrix:
1 0 —
01 1
10

Make sure that eigenvectors are normalized i.e (¢|1)) = 1.
Bonus: check if eigenvectors are orthogonal, i.e (¢/[¢)") = 0 when ¢ # /.



Ocopnuikn Emomun Yikov
20 dworyoviopa, 13/10/2015.

In a system with two levels, the Hamiltonian (energy), H, and some observable, I3, have
the representation given below. Eigenvalues and eigenvectors are given in brackets. The system
is initially described by state |¢)) = ( 0 )

]

o (30) om0 () fame - ()

) N S A )

(a) Calulate the commutator [H,, B].

(b) Prove that states {|b1), |b2)} form a complete basis for this Hilbert space.

(c) If we measure the energy, what are the possible outcomes? what is the probability for
each result? what is the average value of the results of many measurements in identical systems?

(d) The same question for measuring the propery B.

(e) Suppose we measure I3 and we find value —b. What is the state vector |¢)) that describes
the system directly after the measurement? Repeat question (d) after this measurement.

(f) (Bonus) Find the state vector |)(t)) at time ¢ after the measurement described in (e).



Ocopnuikn Emomun Yikov
30 daymviopa, 20/10/2015.

In a system with two levels, the Hamiltonian, 7, and some observable, 3, are represented

(a0 (0D o [ V32
by’;‘-l-(O 4a>’ B_<b 0).Thestateofthesystemls]w—( i/2 >

(a) Prove that:
(H) =Ta/4, (H?) =1942/4, (B)=0, (B =0, ([H, B])=—3iv3ab/2.

(b) Calculate the uncertainties AH, AB. Verify that the uncertainty principle holds.

(c) This system describes a particle that is confined in an one-dimensional box of length
L = 2 nm. The system is restricted to two states: the ground state and the first excited state, and
B =z — L/2. Calculate the values of a and b.



Ozmpnuikt Emoemun Yukov
40 draymvioua, 27/10/2015.

1o povrero Einstein, ov Ogpuikeg Todavtdoelg Twv atopwmy tov Fe mepypdgpovtol ooy to-
AAvVTmOoN evog odpatog patag m = A/ Ny ue ovyvomytoa w = 8.5 THz. To atowkd Bapog tov Fe
ewvar A = 55.8 g/mol.

(00) YmoBoTe OTL TO ATOUO PBPLOKETOL OE LOOKATAOTOON TG XAMATWVIAVIG TETOLO. DOTE
E = %k‘BT. Bpeute tov kBavtikd aplbuod n g kataotoong ywe T = 300K. (2)

(B) Yrohoyiote ™V afefondtnra BEong yLo ovt) TV Kotdotaoy. Adote amotéheopia og A
KOL OUYKPLVETE UE TNV QITO0TALON YELTOVIK®OV atopmv otov Fe, d = 2.5 A (2+1)

(v) 'Eotw topa 6Tt 10 dtopo Bproketon oty Kataotaon N(|0) — 3[4)). Emavarafete to
epotua (B). (4+1)

According to the Einstein model, thermal vibrations of Fe are described by the vibrations of a mass
m = A/Ny at frequency w = 8.5 THz. Atomic mass of Fe is A = 55.8 g/mol.

(a) Assume that the Fe atom is in an eigenstate of the Hamiltonian such that £ = %k BT Find the
quantum number, n, of this state for 7' = 300K. (2)

(B) Calculate the position uncertainty for this state. Express your result in A and ompare with the
nearest-neighbor distance in Fe, d = 2.5 A. (1+2)

(v) Now assume that the state of the atom is N (|0) — 3|4)). Repeat question (f3). (4+1)




Ozmpnuikt Emoemun Yukov
50 dwaywvioua, 3/11/2015.

AmodelEte oL Kupotoouvapmon ¥ (x, y, 2) = x2+y?—222 elvar Tawtdypovo IdLOKaTAoTOoM
tov 12 ko tov I, pe wiotpée (1 + 1)A% xou mh avriotoyga. Ymoloyiote to. | Kow m. Bpeite o
LOLOKUTAOTOON TWV OLWV TELEOTMV TTOV VoL €XEL TV 1dLaL 10T YL Tov [2 Ko TV peyalitepn
duvotn oty Yo tov 1.

Show that the wavefunction ¥(x, %, z) = x? 4+ y?> — 222 is a simultaneous eigenstate of /2 and [,
with eigenvalues [(I + 1)h? and mh, respectively. Determine / and m. Find another eigenstate of the
same operators that has the same eigenvalue for [ and the maximum possible eigenvalue for /..



Ocopnuikn Emomun Yikov
60 droryoviopa, 10/11/2015.

i0
For a spin-1/2 system, |¢)) = (az ), with a,b,0 > 0, a® + b*> = 1. Show that
As, =21 —dabcos, As,=12v/1—4absind, As,=2./1—4(a®—1?).

Bonus question: The Athanasiou Paradox

We measure s, and find result /1/2, and after that we measure s,.. Prove that the probability
of finding /2/2 is 50%. After the measurement of s, that gave result /1/2,show that the probability

to find result /1/2 in a measurement of s, is again 50%.
—
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Ocopnuikn Emomun Yikov
70 droryoviopa, 24/11/2015.

Two identical non-interacting fermions of spin s = 1/2 and mass m move in a one-
dimensional box of length L. Take m = h = L = 1. The total spin quantum number is S = 1
(parallel spins) and the system is at the state of lowest total energy.

(a) Calculate the energy of the system.

(b) What is the wavefunction (1, z5) of the system?

(c) Repeat (a) and (b) for S = 0.

Avo Tovtoonua () aAMNAETLOPMOVTO PepUOVIO pe omy 8§ = 1/2 kow pato m Kwvoldvtal og
uovoditaotato koutt unkovg L. Mapte m = h = L = 1. O kBoviikodg aptBuog Tou Guvolkoy oty
ewvar S = 1 (TopdAAnia 07TLy) Kow To 000THUO ELVOL 0TV KATAOTOON TNG YAUNAOTEPTIG OUVOALKNG
evépyelac. (a)Ymohoylote Ty evépyera tov cvotnuatoc. (b) Iowa ervon 1) kupatoovvaptnon ¥ (zy, x2)
ToV oVOTNOTOG; (¢) Emavarafete ta (o) kon (B) yua S = 0.



Oewpntikn Emotnun Thkov: 1o diayovioua, 3/10/2016.

‘Ovopa:

"EoTw 0 ¥ 0pog XIAUTEPT TWV OVVAPTNOEWV, 1, TTOU UNSEVIZOVIOL 0TO 00 Kot ELVOL
+

KOVOVLKOTTONUEVES, dSNACON / [ (2)|*dr = 1.
’ 14 m’ ’ d2 ’ 14
(00) AtodeiEte 0T 0 TEAEOTNG TG deVTEPN G TapAymYOU, A = T2 ELVOLL EPULTLALVOG,
T
’ 14 ’ d2 . d ’ 14
(B) AmodeiEte 0tL 0 TEheoTNG B = aﬁ + Zbd— +c  (a,b,c € R)elvon epurtiovog.
T T



Ocopnuikn Emomun Yikov
20 draywviopa, 10/10/2016. Babuoroylo: 2 Hovadeg ava epmTnua.

Se o0oTNUO PE SVO KPBAVTIKEG KATAOTAOELS, KOO0 (PUOLKO UEYEDOG TTEPLYPAPETOL

g g ) To oo BplokeTol 0TV KaTdoTtaon [¢) = ( (1) )

(00) AmtodelEte OTL oL LOLOTIUES KO LdooviouaTa Tou A glva

s 19 () = e ()

(B) Moo Bo elvan Ta. TOAVE ATOTELECUATO THG UETPNONG TOU A;
(v) Howa 1 mBavoTnTO TOV KAOE ATOTELEOUATOG;
(8) ITova B glvan 1) AVOUEVOUEVT) (LEOT)) TUUY TOV UETPTOEMV;
1 - ’ ’
eU=—— ( 51 ) Ymohoyiote Toug mivakeg £ = UUT xauw B = UTAU.

vio\ 1 3
(ot) Yroroytote tovg mivakeg C' = | — 1) (=14 [9)(9| xow D = —| —1)(—1]|49|9)(9|.

oo Tov mivoko A = (



Oewpntikn Emotnun Thkov: 3o diayovioua, 17/10/2016.

‘Ovopa:

ZOUATIO ELVOL EYKAMPBLOUEVO OE VOVOKAADOL0 unkovg L, Ko 1) KATAoTao TOU Yio
t = 0 meprypapetan oo v Y(x) = %(@Dl(x) + 1a(x)). TIWOLOYLOTE YLO. LETUYEVETTEPO
APOVO, t: (o) T ueon O£om (B) T ueom opun (Y) TV UEOT EVEPYELL. TOV CWUATLOV.



Oewpntikn Emotnun Thkov: 4o diaywvioua, 24/10/2016.

‘Ovopa:

Sdhpa patag m Kuvelton oe e duéiotaon kau €xe Suvapukn evépyea V(z) = smw?a?.
H xotaotaon tov meprypageton amo my ¢(z) = N o205,

Me dedoueva rg = \/% = 0.25 A xou fiw = 0.1 eV, vohoyiote:

(o) ™V otabepd Kavovikomoinong N.

(B) TNV UEON KLVNTLKY] EVEPYELD, TOU OMUOTOG

() TV UEOT SUVAULKT) EVEPYELO TOV COUOTOC,

(8) TNV TOAVOTNTO. ULt LETPT|ON) TNG EVEPYELAG TOV VO SMWOEL OTTOTEAEOUOL WKPOTEPO
tov 0.1 eV.

+00 +o00
YrodelEn: Av f(z) = f(—x) tote f(z)dz =2 f(z)dz

- 0



Oewpntikn Emotnun Thkov: 50 Siaywvioua, 24/10/2016.

‘Ovopa:

KBavTikd 60oTua TepLypa@eTon oto TV Kupatoouvaptnon (0, ¢) = N sin 6 cos ¢.
H Xowdtoviavy Tov cuotyuotog eivon H = %ZQ, 07OV | 0 TELEOTNG TNG OTPOPOPUNG KO
w otadepa.

Yrohoylote:
(o) TNV oTabEPa Kavovikomoinong N.

(B) TV HEOT TLUY TNG OLVLOTWONG |2 TNG OTPOPOPUNG.
’ ’ ’ ’ ’ 207T
() T0 100 pe to () AAAO LETOL ALTTO (POVO t = ——.
w



Oewpntikn Emotnun TAkov: 6o diayovioua, 7/11/2016.

‘Ovopa:

’ ’ ’ ’ ’ 1 ) 3
Twpatio gxel ommv 1/2 Ko TepLypapeTaL amd Ty KoTaotoo |¢) = §|—|—> + T|_>

Metpdtal 1 TPOROAY TOV OV 0TV AEoVa. Y.

1) oo O etvan T TOAVA ATOTEAEOUOTA TNG UETPNONG;

2) TTowa, 1) TBavOTNTO TOV KAOE ITTOTELEOUATOG;

3) IMota 1) LEON TLUT TV UETPT|OEWV;

4) Towa 1) aPePALOTNTA TOV PETPNOEWV;

"EoTw OTL 0TO 1] LETPN O TNG TPOPOANG TOV OTTLY 0TOV AEOVOL iy E8MWOE TNV UEYOADTEPT
duvarn T, AuEowg UETA, EAVOUETPATOL 1) TPOPOAT TOV OTILY OTOV AEOVA, 3.

5) TTowa. Ba. elvon ToL TOAVE ATOTELECUOTOL TNG UETPNOTG;



Oewpntikn Emotnun Thkov: 7o diayovioua, 14/11/2016.

‘Ovopa:

Avo @epuovia pe pato m ko omy 1/2 kivovvton pe duvakn evépyewa V(z) =

1 29 ’ ’ / ! ’ ’
smw?r® evo dev alANAeTLOPOVY HETOEY Tovg. BploKovTal 0Ty KOTACTAON Ue GUVOALKO

oy S = 0 Ko 1 EVEPYELX TOV CUOTNUOTOG ELVAL 1) EM(LOTY SuvaTy).

(o) Tpapte v Kupotoouvaptnon W (xy, x9) KoL VTOLOYLOTE TNV OMKY] EVEPYELDL TOU
OVOTNUOTOC.
(B) Ymoroylote Tnv péom run ((x; — z2)?).



Oewpnuikn Emomun YAkav, Stayoviopa 1, 5/10/2017

Ovopa:

Consider the one-dimensional wave function
Y(z) = Alz/z0)" ™%/

where 4, n and xzg are constants.

(a) Using Schrédinger’s equation, find the potential V(z) and energy E
for which this wave function is an eigenfunction. (Assume that as x — o0,
V(z) = 0).



Oewpnuikn Emotmun YAkav, Stayoviopa 1, 5/10/2017

Ovopa:

Consider the one-dimensional wave function
P(z) = Alz/z0)" e 2/%

where 4, n and z are constants.

(a) Using Schrédinger’s equation, find the potential V(z) and energy E
for which this wave function is an eigenfunction. (Assume that as x — 00,
V(z) — 0).

Solution:
(a) Differentiating the given wave function,

£ gt (Z) e (2) (L)oo
dx To \ To Zo Zg © ‘

n—2
% Ylz)=A nn-1) (i) e—%/%0
Z

z3 Zo
n—1 n
~24 5 e~*/T0 1+ A -1.; = gmw/ao
n(n—1) n 1
=[ 22 —“25;:"'::_%] 1,0(1:),

and substituting it in the time-independent Schrédinger equation
2
(-;‘-;-m d*/dz* + V(X)) ¥(z) = Bu(z),

we have

"
2 ToX X§

E"-V(I) Z"ﬁ

As V (x) - 0 when X — oo, we have E = —h?/2ma2 and hence

52 [In(n-l)“ on

Vi) = h? [ﬂ(n-— 1) ~ on/zoz

2m 2







METTY-502, 20 diary. 12/10/2017. 'Ovopai:

Hhiextpovio 0to dtopo As €xe Xowhtoviavi, H, yio Ty omolo.:

H|4S%> = —9.83[45’%), (evépyeleg o eV)
H[*Ds) = -8.52[°Ds), H|’D3) = ~8.48[*Ds),
H[?Py) = ~7.58°Py), H[*Ps) = ~7.52|*Ps).

Hlektpovio Bploketatl oty vBpLdLKy Katdotoon
) = A <0.3\4S%> +04[2Ds) + 0.5|2P%>>

(o) Ymohoytote v otabepd A wote (Y|h) = 1.

(B) Bpette v mbavotTa 1 evépyela, F, tov nhektpoviov va petpndet —9eV < F < —8eV.
(y) TTOAOYLOTE TV AVOUEVOUEVT] TLUY TG EVEPYELAG, (E).

(8) Bpeite wa Kupatoouvaptno |1s) tétowa wote (E) = —9.5 eV.

() Bpelte wa Kupatoouvaptnon |¢s) tétola wote (Psl) =0



METTY-502, 30 dtary. 19/10/2017. 'Ovoua:

Hhextpovio €xel Kupatoovvaptnon (Oswpodue L = 1,m = 1,h = 1)

0, =<1,
Px)=<a(l—2?), —-1<z<I1,
0, z>1.

(o) AmodelEte 0tL a ~ 0.97.

(B) Amodei&te 6TL 1 apefordTnTa Tov 22 eivar Az ~ 0.15.

(v) AmodeiEte OtL 1 afefondtnTa opung etvor Ap ~ 1.58.

(8) Amo Tig mapamavm TEG TPokvTeL OTL Az Ap ~ 0.24. EmainOgote 6t 1oyveL 1)
apyn ™G apePaLOTNTAG,



METTY-502, 40 duary. 26/10/2017. 'Ovoua:

(o) A&lETe OTL Y10 TIG LOLOOUVAPTNOELG 1y () TNG Y AUATOVLOVIG TOV CLPUOVLKOD TOAAVTWT
v h=1,m = 1,w = 1 woybouvv oL oygoelg

V2 V2

wa(e) = 5 (Vb1 (@) + VA F W (@) ke () = 5= (Vi (@) = Vi d T (@)
(B) Amo 1o (a) Kow TV Yy, () = ;Hn(x)e’xzﬂ, delEte ot ta ToAvdvupo Her-

V 2mnl\/m

mite LKavoToLovV TLG AVAOPOUKES OYECELG

H,(x) =22H,(z) — 2nH, 1(z) xou H(x)=2nH, {(x).



METTY-502, 50 duary. 2/11/2017. 'Ovouao:

KBavtikd ouotnua meptypdgetal otd Ty KoTaoTaon

1
¥) = ﬁ(|22> +121)),

omov  A|lm) = RI(1 + 1)|Im)  wou  L,]lm) = hm|lm).

Bpeite v néon tur ko afepfardomnra (o) Tov £2 (B) tov £, () Tov £,.



METTY-502, 60 dtary. 9/11/2017. 'Ovoua:

KBavtko obomua mepiéxet dvo copatidio pe omv 1/2. Metpdtat Toautoypova To s,
TOV TPMDTOV GMUATOG KL TO S, TOU dgVTePOV 0Muatos. Kot o dvo petpnoelg édmoav
amotéleopo i/ 2.

() AelETE OTL HETA TNV UETPNOT TO OVOTNUCL ELVOL 0TV KOTAOTAON

7 1 7 1
[9) = — ) + 5l — Sl =) 4 ) ).
APEOMG UETA, UETPATOL TO GUVOALKO 07ty 0Tov GEova. 2z, dnhadn o S..

(B) Mo glval Ta SUVATA ATOTEAEOUOTO TNG UETPNONG;

() Howa 1 mbavoTnTo Tov KAbE ToTeEAEoUATOC;

(8) Bpelte TNV HEON TLUT Ka TV OBERALOTITO TOV UETPTOEMV.

ALVOVTOL LOLOKATOOTAOELG TV TEAEOTOV TOV oty 1/2:

-5 =) () -5 0 ()=



METTY-502, 70 dtary. 16/11/2017. 'Ovoua:

Av0 TOVTOONUO U] OMNAETLOPDOVTOL PEPULOVLOL e o7ty s = 1/2 Ko uala m Kivouvtol
0€ APUOVLKO TAAAVTMTN ouyvoTntag w. [lapte m = h = w = 1. O kBavTikog aptdudg Tou
OVVOMKOD o7ty evol S = 1 (FTopGAANAC GTTLV) KO TO OVOTNUOL ELVOL 0TIV KOTAOTOOT TG
YOUNAOTEPNG CUVOALKNG EVEPYELOG.

(00) TIOLOYLOTE TNV EVEPYELL TOU GUOTIULOLTOG.

(B) Bpette v Kupatoouvapton (1, Tz) TOU CUOTHUATOG.

Abote Vv 18La doknon yio Ty weplttmon S = 0 (avumapddinia omy).
() TTOLOYLOTE TNV EVEPYELX TOV GUVOTIUOTOG.
(8) Bpeite TV Kupuatoouvapton ¥ (zy, T2) TOU GCUOTHUATOG.



